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gies such as lepton flavor violations, muon anomalous magnetic moment, nonstan-
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2I. INTRODUCTION
Radiatively induced neutrino mass models are one of the promising candidates to accom-
modate dark matter (DM) candidate, and several exotic fermions and/or bosons in a low
energy scale(∼ TeV scale). Also these fields are often linked to the neutrino masses that
gives several predictions and various phenomenologies. Hence a lot of authors have histor-
ically been working along this ideas. Here we classify such radiative models as the number
of the loops, i.e., ref. [1–80] mainly focusses on the scenarios at one-loop level, ref. [81–112]
at two-loop level, ref. [113–140] at three-loop level, and ref. [141, 142] at four-loop level.
If the active neutrinos are Majorana type, it might be tested by searching for the neu-
trinoless double beta decay, which usually appears on any types of canonical seesaw model
via charged gauge boson in the standard model (SM). That is called standard interaction
of neutrinoless double beta decay. However radiative neutrino models frequently include
the non-standard interactions [143, 144] in addition to the standard one. Thus it might
be promising on the viewpoint of discriminating models, if experiments could show some
anomalous results in the future.
In this paper, we introduce several exotic fermions and bosons with SU(2)L multiplet
including triplet exotic leptons and a triplet Higgs whose vacuum expectation value (VEV)
is generated via trilinear scalar coupling induced at one-loop level. In our model, small
triplet VEV is naturally realized which is required by the constraint from ρ-parameter.
Then we discuss various phenomenologies such as lepton flavor violating processes (especially
µ−e conversions), muon anomalous magnetic moment, neutrinoless double beta decay from
nonstandard interaction, relic density and the possibility of the spin independent direct
detection searches of DM, imposing the constraints from oblique parameters. And we show
a benchmark point to satisfy all the constraints and discuss our predictions.
This paper is organized as follows. In Sec. II, we introduce our model and show some
formulae including Higgs masses, neutrino mass, LFV, muon anomalous magnetic moment,
and DM physics. In Sec. III, we show our numerical results. We conclude in Sec. IV.
3Fermion LL eR L′ Σ
(SU(2)L, U(1)Y ) (2,−1/2) (1,−1) (2,−1/2) (3,−1)
U(1)H 0 0 −x −x
Z2 + + − −
TABLE I: Lepton sector; notice the three (or two) flavor index of each field LL, eR, L
′ and Σ is
abbreviated.
Boson Φ η ϕ ∆ χ
(SU(2)L, U(1)Y ) (2, 1/2) (2, 1/2) (1, 0) (3, 1) (1, 0)
U(1)H 0 x x 2x 0
Z2 + − + + −
TABLE II: Boson sector
II. THE MODEL
In this section, we introduce our model, in which the particle contents for leptons and
bosons are respectively shown in Tab. I and Tab. II, and provide some formulae for such as
neutrino mass matrix, lepton flavor violation processes and neutrino-less double beta decay.
In our model, we add vector-like fermions of L′ with SU(2)L doublet and Σ with SU(2)L
triplet to the SM fields, where these fields have −x( 6= 0) charge under the hidden local
symmetry. Each of the exotic field needs (at least) two flavors in order to satisfy current
neutrino oscillation data [146]. As for new bosons, we introduce two neutral SU(2)L singlet
scalars ϕ and χ with U(1)H charge x and 0 respectively, an SU(2)L doublet scalar η with
charge x, and an SU(2)L triplet scalar ∆ with charge 2x. We assume that Φ, ϕ, and ∆
have VEVs, which are symbolized by v/
√
2, v′/
√
2, and v∆/
√
2 respectively, where VEVs of
ϕ and ∆ spontaneously break the hidden symmetry down. Additional Z2 symmetry plays
a role in assuring the stability of our DM candidate; the lightest mass eigenstate among
neutral component of L′, Σ, χ and η which are Z2 odd.
The relevant renormalizable Lagrangian for Yukawa sector and scalar potential under
4these assignments are given by
−LY = (yℓ)iL¯LiΦeRi + fiaL¯LiΣRaη + f ′abL¯′LaΦΣRb + f ′′abΣ¯LaΦ∗L′Rb
+ (gR)abL¯
′c
Ra(iτ2)∆L
′
Rb
+ (gL)abL¯
′c
La(iτ2)∆L
′
Lb
+ (ML)aL¯
′
LaL
′
Ra + (MΣ)aTr[Σ¯LaΣRa ]
− µχ(χ2ϕ∗ + h.c.)− µη(ηT (iτ2)∆†η + h.c.)− λ0(η†Φχϕ + h.c.) + h.c. (II.1)
where τ2 is the second Pauli matrix, each of the index a(b) and i(j) that runs 1-3 represents
the number of generations for exotic leptons and SM leptons respectively. We work on the
basis where all the coefficients are real and positive for our brevity.
Scalar sector: After the electroweak symmetry breaking, each of scalar field has nonzero
mass and be parametrized as [103]
Φ =

 φ+
φ0

 , η =

 η+
η0

 , ∆ =

 ∆+√2 ∆++
∆0 −∆+√
2

 , (II.2)
where the neutral components of the above fields and the singlet scalar fields are defined by
φ0 =
1√
2
(v + h+ ia˜), η0 =
1√
2
(ηR + iηI), ∆
0 =
1√
2
(v∆ +∆R + i∆I),
ϕ =
1√
2
(v′ + ρR + iρI), χ =
1√
2
(χR + iχI). (II.3)
Here v and v∆ is related to the Fermi constant GF by v
2+2v2∆ = 1/(
√
2GF ) ≈ (246 GeV)2.
The CP even Higgs boson mass matrix with VEV: (M2)vevCP−even in the basis of
(∆R, h, ρR) is diagonalized by 3 × 3 orthogonal mixing matrix OR as OR(M2)vevCP−evenOTR =
diag.(m2h1 , m
2
hSM
, m2h3). Here h2 = hSM is the SM Higgs and h1 and h3 are additional Higgs
mass eigenstates. Then Z2- and CP-even components in Eq (II.3) are related to the mass
eigenstates as follows:
∆R = (O
T
R)1AhA, h = (O
T
R)2AhA, ρR = (O
T
R)3AhA, (II.4)
where A = 1− 3.
The CP odd Higgs boson mass matrix with VEV: (M2)vevCP−odd in the basis of (∆I , a˜) is
diagonalized by 2 × 2 orthogonal mixing matrix OI as OI(M2)vevCP−oddOTI = diag.(0, m2a),
where m2a =
µeff (v
2+4v2∆)√
2v∆
and the massless mode GZ is absorbed by the neutral gauge boson
Z as a Nambu-Goldstone (NG) boson; µeff(∼ ΦT (iτ2)∆†Φ) is induced at one-loop level as
can be seen later. Then (Z2-even)-(CP-odd) components in Eq (II.3) are related to the mass
5eigenstates (a1, a2) = (a,GZ) as follows:
∆I = (O
T
I )1αaα, a˜ = (O
T
I )2αaα, (II.5)
where α = 1, 2. We note that mixing effect is negligibly small since the off-diagonal com-
ponent of (M2)vevCP−odd is proportional to v∆. Thus relations of a1 ≃ a and a2 ≃ GZ are
indicated.
The CP even inert Higgs boson mass matrix: (M2)inertCP−even in the basis of (ηR, χR) is
diagonalized by 2 × 2 orthogonal mixing matrix VR as VR(M2)inertCP−evenV TR = diag.(m2H1 , m2H2).
Then inert CP-even components in Eq (II.3) are related to the mass eigenstates as follows:
ηR = (V
T
R )1αHα, χR = (V
T
R )2αHα. (II.6)
The CP odd inert Higgs boson mass matrix: (M2)inertCP−odd in the basis of (ηI , χI) is di-
agonalized by 2 × 2 orthogonal mixing matrix VR as VI(M2)inertCP−oddV TI = diag.(m2A1 , m2A2).
Then inert CP-odd components in Eq (II.3) are related to the mass eigenstates as follows:
ηI = (V
T
I )1αAα, χI = (V
T
I )2αAα. (II.7)
The Z2-even singly charged Higgs boson mass matrix: (M
2)Z2 evensingly in the basis of (∆
+, φ+)
is diagonalized by 2 × 2 orthogonal mixing matrix OC as OC(M2)Z2 evensingly O†C = diag.(0, m2C),
where m2C =
(
√
2µeff−λ′Φ∆v∆)(v2+2v2∆)
2v∆
and the massless mode GW is absorbed by the charged
gauge boson W± as NG boson. Then Z2 even singly charged components in Eq (II.2) are
related to the mass eigenstates (H+1 , H
+
2 (= GW )) as follows:
∆+ = (OTC)1αH
+
α , φ
+
R = (O
T
C)2αH
+
α . (II.8)
Notice that we have ∆+ ≃ H+1 and φ+ ≃ G+W due to small off-diagonal component of mass
matrix as in the (M2)vevCP−odd. The doubly charged boson mass matrix does not have mixing.
Thus its eigenvalue m∆±± can be written in terms of a linear combinations of VEVs, trilinear
term, and quartic couplings.
Effective trilinear coupling of µeff : The coupling µeff , which is associated with the trilinear
interaction ΦT (iτ2)∆
†Φ is induced not at the leading order, but the one-loop level mediated
6FIG. 1: The one loop diagram for generating effective trilinear coupling µeff .
by inert neutral bosons as shown in Fig. 1. The effective trilinear coupling of µeff is given
by
µeff =
(λ0v
′)2µη
6(4π)2
[
(VR)α,β,γI3(mHα , mHβ , mHγ )− (VI)α,β,γI3(mAα, mAβ , mAγ)
]
, (II.9)
with
(VR)α,β,γ ≡ (V TR )2α(VR)α1(V TR )1β(VR)β2(V TR )1γ(VR)γ1, (II.10)
(VI)α,β,γ ≡ (V TI )2α(VI)α1(V TI )1β(VI)β2(V TI )1γ(VI)γ1, (II.11)
I3(m1, m2, m3) ≡ 1
m22 −m23
[
m22
m21 −m22
ln
[
m21
m22
]
− m
2
3
m21 −m23
ln
[
m21
m23
]]
, (II.12)
where each of (α, β, γ) runs form 1 to 2. v∆ is subsequently induced as v∆ ∼ µeff [17].
Thus we have a theoretical reason that v∆ is tiny, which is in good agreement with the
experimental result from the ρ parameter.
Inert conditions: Since we have several charges bosons and negative contributions at the
one-loop level, we have to take care in order not to have stable points of their potentials [103].
However since these conditions are not so strong, we do not discuss in details.
A. Fermion Sector
Let us fist define the exotic fermion as follow:
L′L(R) ≡

 N ′
E ′−


L(R)
, ΣL(R) ≡

 Σ−/√2 Σ0
Σ−− −Σ−/√2

 . (II.13)
7Neutral exotic fermion: Then the mass matrix for the neutral fermion in the basis of ~NL ≡
[N ′L, N
′c
R ,ΣL,Σ
c
R]
T
L is given by
MN =


MNL M
∗
L 0 M
′∗
NΣ
M †L M
†
NR
M
′′†
NΣ 0
0 M
′′∗
NΣ 0 M
∗
Σ
M
′†
NΣ 0 M
†
Σ 0

 ∼


MNL M
∗
L 0 M
∗
NΣ
M∗L M
∗
NR
M∗NΣ 0
0 M∗NΣ 0 M
∗
Σ
M∗NΣ 0 M
∗
Σ 0

 , (II.14)
where MNL(R) ≡ gL(R)v∆/
√
2, M ′NΣ ≡ f ′v/
√
2, M ′′NΣ ≡ f ′′v/
√
2, and we assume three
generations case with positive real couplings with f ′ ≃ f ′′ for our simple analysis. MN is
diagonalized by unitary mixing matrix VN as VNMNV
T
N = M
diag.
N , and the mass eigenvector
~ψL ≡ [ψ1L, ψc2R, ψ3L , ψc4R ]TL is defined by ~NL ≡ V TN ~ψL. Moreover, we also assume MN to be
symmetric matrix, therefore, M ′NΣ = M
′†
NΣ, M
′′
NΣ = M
′′†
NΣ, MΣ = M
†
Σ, and MNL = M
†
NL
.
Singly charged exotic fermion: The mass matrix for the singly charged fermion in the
basis of ~E ≡ [E ′−,Σ−]TR is given by
ME =

 ML M ′NΣ
M
′′
NΣ MΣ

 ∼

 ML MNΣ
MNΣ MΣ

 , (II.15)
where we extract the one generation, and assume MNΣ ≡M ′NΣ = M ′′NΣ for simplicity. Then
the singly charged mass matrix can also be regarded as a symmetric one. Note here that the
above assumption affects the neutral fermion mass matrix. Then ME is diagonalized by 6 ×
6 unitary mixing matrix VC as VCMEV
T
C = M
diag.
E , and the mass eigenvector E
± is defined
by ~E ≡ V TC ~ψ±.
In summary, exotic neutral and charged fermions in Eq. (II.13) are written in terms mass
eigenstates such that
E ′±a = (V
T
C )aκψ
±
κ , Σ
±
a = (V
T
C )3+a,κψ
±
κ (II.16)
N ′aL = (V
T
N )anψnL, (N
′
aR)
c = (V TN )3+a,nψnL, Σ
0
aL = (V
T
N )6+a,nψnL, Σ
0c
aR = (V
T
N )9+a,nψnL,
where κ = 1− 6 and n = 1− 12. Note that the masses of doubly charged fermions Σ±±a are
given by MΣa .
B. Electroweak precision test
The S- and T -parameter constrain the masses and couplings of additional SU(2)L mul-
tiplet scalars and fermions. Thus in our numerical analysis later, we impose constraint by
8FIG. 2: The loop diagrams for generating active neutrino mass matrix where cross mark in the
diagrams indicate 〈Φ〉.
the contributions to S(T )-parameters from new particles [145]. The S(T )-parameters are
calculated from vacuum polarization diagram for Z and W± bosons, iΠµνZ(W ), where new
particles run inside loop diagrams. Then we obtain
ΠµνZ (q
2) = gµν
e2
c2W s
2
W
(
Π33(q
2)− 2s2WΠ3Q(q2)− s4WΠQQ(q2)
)
, (II.17)
ΠµνW = g
µν e
2
s2W
Π±(q2), (II.18)
∆S =
4e2
α
[
d
dq2
Π33(0)− d
dq2
Π3Q(0)
]
, (II.19)
∆T =
e2
αs2W c
2
Wm
2
Z
[Π±(0)−Π33(0)] . (II.20)
The list of new particle contributions to Π33,3Q,QQ,± is lengthy and we summarize them in
the Appendix A. Then we impose the constraint on the S(T )-parameters [146]:
∆S = 0.00± 0.08, (II.21)
∆T = 0.05± 0.07, (II.22)
where we apply the constraint with U -parameter to be fixed as zero. 1
1 An interesting discussion is found in Refs. [147–149], which discuss the relation between the oblique
parameter and the lepton universality. In our case, a new contribution to the lepton universality occurs
only through the f term at the box type of one-loop diagram, which could be subdominant.
9C. Neutrino mass matrix
The neutrino mass matrix can be given by the linear combination at one-loop and two-
loop diagrams which are depicted in Fig. 2, and their forms are respectively given by
(Mν)ij = (mν)Iij + (mν)IIij , (II.23)
(mν)
I
ij =
6δm2χ0η0δm
2
χ0
(4π)2
1−3∑
a
(f)i,a(MNΣδMLMNΣ)a(f)j,a
×
∫
dxdydzdwδ(x+ y + z + w − 1)xyzw
[xm2η0 + ym
2
χ0 + zM
2
NΣa
+ wM2NLa ]
4
[
3− 4M
2
NLa
xm2η0 + ym
2
χ0 + zM
2
NΣa
+ wM2NLa
]
,
(II.24)
(mν)
II
ij =
1
(4π)4
µη
v∆
1−3∑
a
(f)i,a(MNΣδMLMNΣ)a(f)j,a
∫
dxdydzdwδ(x+ y + z + w − 1)xyzw
(w2 − w)(1− w)
×
∫
dXdY dZdWδ(X + Y + Z +W − 1)
−X∆1 + YM2La + ZM2Σa +Wm2η±
[
2 + w +
M2La
−X∆1 + YM2La + ZM2Σa +Wm2η±
]
,
(II.25)
∆1 =
xM2Σa + yM
2
La
+ zm2η± + wm
2
∆±±
w2 − w , (II.26)
where we has used a mass insertion approximation method, i.e., MNL(R),MNΣ << ML,MΣ,
we has defined δML ≡ gLv∆/
√
2, δm2χ0η0 ≡ λ0vv′/4 and δm2χ0 ≡ µχv′/
√
2, and mχ0 and
mη0(= mη±) denote mass parameter for quadratic terms of χ and η before symmetry breaking
respectively. Hence Casas-Ibarra parametrization can be applicable [150] because two of the
loop functions are common and diagonal. Then it is convenient to decompose above loop
functions and compute separately, as shown in Appendix B.
Remind here that three flavors ℓ = 1 − 3 are introduced to obtain the current neutrino
oscillation data 2. Then (Mν)ab can generally be diagonalized by the Maki-Nakagawa-Sakata
mixing matrix VMNS (MNS) as
(Mν)ab = (VMNSDνV TMNS)ab, Dν ≡ (mν1 , mν2, mν3), (II.27)
VMNS =


c13c12 c13s12 s13e
−iδ
−c23s12 − s23s13c12eiδ c23c12 − s23s13s12eiδ s23c13
s23s12 − c23s13c12eiδ −s23c12 − c23s13s12eiδ c23c13

 , (II.28)
2 To minimally satisfy the neutrino oscillation data, two flavors are enough.
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where we neglect the Majorana phase as well as Dirac phase δ in the numerical analysis for
simplicity. We have used the following experimental values with best fit [151]
s212 ≈ 0.306, s223 ≈ 0.42, s213 ≈ 0.021, (II.29)
mν1 = 0, m
2
ν3
= 2.4× 10−3 eV2, m2ν2 = (7.05)× 10−5 eV2,
where we assume one of three neutrino masses is zero with normal ordering in our analysis
below.
D. Neutrinoless double beta decay
A non-standard contribution to the neutrinoless double beta decay is generated at the
one-loop level, and its form is given by [144]
L = G
2
F
2
m−1p (ǫ3)ijJ
µJµjij + h.c., (II.30)
(ǫ3)ij = ǫ
(1)
Rij
(H1, VR12) + ǫ
(1)
Lij
(H1, VR12) + ǫ
(1)
Rij
(H2, VR11) + ǫ
(1)
Lij
(H2, VR11)
+ ǫ
(1)
Rij
(A1, iVI12) + ǫ
(1)
Lij
(A1, iVI12) + ǫ
(1)
Rij
(A2, iVI11) + ǫ
(1)
Lij
(A2, iVI11), (II.31)
where mp is the proton mass, J
µ = u¯γµd, jij ≡ 2ℓ¯iℓcj . Here each of ǫ3 is found as
ǫ
(1)
Lij
(H1, VR12) ≡
1−12∑
n
1−3∑
a,b
1−6∑
κ,ζ
fiafjb(V
T
C )3+a,κ(VC)κ,3+a(V
T
C )3+b,ζ(VC)ζ,3+b(V
T
N )6+a,n(V
T
N )6+b,n
23(4π)4
×
∫ dxdydzdwδ(x+ y + z + w − 1)V 2R12Mψ±κMψnMψ±ζ
[xM2
ψ±κ
+ yM2ψn + zM
2
ψ±ζ
+ wm2H1 ]
2
, (II.32)
ǫ
(1)
Rij
(H1, VR12) ≡
1−12∑
n
1−3∑
a,b
1−6∑
κ,ζ
fiafjb(V
T
C )3+a,κ(VC)κ,3+a(V
T
C )3+b,ζ(VC)ζ,3+b(V
T
N )9+a,n(V
T
N )9+b,k
23(4π)4
×
∫ dxdydzdwδ(x+ y + z + w − 1)V 2R12Mψ±κMψnMψ±ζ
[xM2
ψ±κ
+ yM2ψn + zM
2
ψ±
ζ
+ dm2H1 ]
2
. (II.33)
This is known as the short distance effect, and ǫ3 ≡ (ǫ3)11(=ee) can approximately be
interpreted as
[T 0νββ1/2 ]
−1 ≃ G01|ǫ3|2|MSD|2, (II.34)
where G01 and MSD, which are dependent of the species of nuclei, are respectively given
in Table 1 of Ref. [144]. For example, in case of 76Ge, the recent results, which is obtained
11
G01 [10
−14 yr−1] |Mν | |MSD|
76Ge 0.623 4.07 213
136Xe 4.31 2.82 109
150Nd 19.2 2.33 311
130Te 4.09 3.63 198
82Se 4270 3.48 192
TABLE III: Summary of the experimental data of neutrinoless beta decay.
Process (i, j) Experimental bounds (90% CL)
µ− → e−γ (2, 1) Br(µ→ eγ) < 4.2× 10−13
τ− → e−γ (3, 1) Br(τ → eγ) < 3.3× 10−8
τ− → µ−γ (3, 2) Br(τ → µγ) < 4.4 × 10−8
TABLE IV: Summary of ℓi → ℓjγ process and the lower bound of experimental data [153, 154].
by the phase I run of GERDA [152] place, are given by 2.1 × 1025 yr < T 0νββ1/2 at 90 %
confidential level (C.L.) with G01 ≃ 0.623 × 10−14 yr−1 and MSD ≃ 213. Notice here that
76Ge currently gives the strongest bound on the neutrinoless double beta decay. As for the
other bounds on nuclei, i.g., we summarize Table III in Ref. [144].
E. lepton flavor violations and muon anomalous magnetic moment
ℓi → ℓjγ : Our relevant lepton flavor violation process (ℓi → ℓjγ) comes from the same
terms of anomalous magnetic moment at the one-loop level in principle. Each of flavor
dependent process has to satisfy the current upper bound, as can be seen in Table IV.
However the contribution from yS can be always negligible assuming the diagonal yS. This
is because this term does not contribute to the neutrino masses. Hence we consider the
12
Nucleus AZN Zeff |F (−m2µ)| |Γcapt(106sec−1) Experimental bounds (Future bound)
27
13Al 11.5 0.64 0.7054 (RAl . 10
−16) [155]
48
22T i 17.6 0.54 2.59 RT i . 4.3× 10−12 [156] (. 10−18 [155])
197
79 Au 33.5 0.16 13.07 RAu . 7× 10−13 [157]
208
82 Pb 34 0.15 13.45 RPb . 4.6× 10−11 [158]
TABLE V: Summary for the the µ-e conversion in various nuclei: Z, Zeff , F (q), Γcapt, and the
bounds on the capture rate R.
contribution from yL only. Then the branching form is given as
Br(ℓi → ℓjγ) ≈ 48π
3αemCi
G2Fm
2
ℓi
(
m2ℓi|aR|2 +m2ℓj |aL|2
)
, (II.35)
(aR)ij = −
1−3∑
a,b
f ∗iafjb
16π2
∫
dxdydzδ(x+ y + z − 1)xy
(
δab
∆[mΣ±±a , mη± ]
+
2δab
∆[mη± , mΣ±±a ]
+
1−6∑
κ
(V TC )3+b,κ(VC)κ,3+a
2∆[mη0 , mψ±κ ]
)
, (II.36)
(aL)ij = −
1−3∑
a,b′
f ∗iafjb
16π2
∫
dxdydzδ(x+ y + z − 1)xz
(
δab
∆[mΣ±±a , mη± ]
+
2δab
∆[mη± , mΣ±±a ]
+
1−6∑
κ
(V TC )3+b,κ(VC)κ,3+a
2∆[mη0 , mψ±κ ]
)
, (II.37)
where
∆[m1, m2] ≡ (x2 − x)m2ℓi + xm21 + (y + z)m22 + xz(m2ℓi −m2ℓj ), (II.38)
and GF is Fermi constant, αem is the fine structure constraint. Ci ≈ (1, 1/5) for i = (µ, τ).
µ− e conversion: The µ− e conversion rate R is given by [159]
R =
Γ(µ→ e)
Γcapt
, (II.39)
Γ(µ→ e) = Cµe
[∣∣∣∣Z [(bL)21 − (aR)21]− (bL)21 (2Z +N)Au + (Z + 2N)Ad2(stwctw)2
∣∣∣∣
2
+ |Z(aL)21|2
]
,
(II.40)
where Cµe ≡ 4α5emZ
4
eff |F (q)|2m5µ
Z
, Au ≡ −12 − 43s2tw, Ad ≡ −12 + 23s2tw, sin2 θw ≡ s2tw ≈ 0.23. The
values of Γcapt, Z, N , Zeff , and F (q) are summarized in Table V. b
V
L in our model is given
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by
(bL)21 = −
3∑
a,b=1
f1af
†
b2
(4π)2
∫
dxdydzδ(x+ y + z − 1)(x+ z)(1− x− z)
×
[
2
∆[mη± , mΣ±± ]
+
1−6∑
κ
(V TC )3+a,κ(V
∗
C)κ,3+b
2∆[mη0 , mψ±κ ]
]
. (II.41)
Muon anomalous magnetic moment ((g − 2)µ) is also given in terms of aL/R as
∆aµ ≈ −m2µ[(aL)22 + (aR)22], (II.42)
which can be tested in the current experiments such as [160].
F. Dark matter
Here we focus on the χR dominated DM candidate denoting X ≃ χR, therefore all the
cross sections proportional to s4R are neglected due to sR << 1. The relevant interactions
for calculating DM physics are obtained from scalar potential. In our analysis, they are
parametrized as
−L ⊃
3∑
A=1
µ2XhAXXhA +
3∑
A=1
µhA2hSMhAhSMhSM +
2∑
α=1
µXHαhSMXHαhSM
+ λ2X2hSM (XhSM)
2. (II.43)
These interactions induce DM annihilation processes: XX → f¯SMfSM , XX → V V and
XX → hSMhSM where fSM denotes SM fermions and V =W,Z. Then the relic density can
be written by [161]
Ωh2 ≈ 4.28× 10
9x2f√
g∗Mpl[(−3 + 4xf)aeff + 12beff ] , (II.44)
where g∗ ≈ 100, MP ≈ 1.22 × 1019, xf ≈ 25, and aeff and beff are obtained by expanding
the thermally averaged cross section as
σvrel ≈ 1
32π2s
∑
fin
√
1− 4m
2
fin
s
∫
dΩ|M¯fin|2 ≈ aeff + beffv2rel, (II.45)
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where
∫
dΩ ≡ 2π ∫ π
0
dθ sin θ, and |M¯fin|2 ≈ |M¯fSM(≈t,b,c,τ)|2 + |M¯V (=Z,W )|2 + |M¯hSM |2, with
|M¯fSM |2 ≈ 8Cf
∣∣∣∣∣
3∑
A=1
µ2XhAmf (OR)
T
2A
v(s−m2hA)
∣∣∣∣∣
2
(s− 4m2f ), (II.46)
|M¯V |2 ≈ CV
∣∣∣∣∣
3∑
A=1
2µ2XhAG
(A)
V
s−m2hA
∣∣∣∣∣
2(
3 +
s2
4m4V
− s
m2V
)
, (V = W,Z), (II.47)
|M¯hSM |2 ≈
1
2
∣∣∣∣∣λ2X2hSM +
3∑
A=1
µ2XhAµhA2hSM
s−m2hA
+
2∑
α=1
(µXHαhSM )
2
(
1
t−m2Hα
+
1
u−m2Hα
)∣∣∣∣∣
2
.
(II.48)
Here Cf = 1 for f = τ , Cf = 3 for f = t, b, c, CW = 1, CV = 1/2, s, t, u are Mandelstam
valuables, and
G
(A)
W ≡ g22
[
2v∆(OR)
T
1A + v(OR)
T
2A
]
, G
(A)
Z ≡
2g22
c2tw
[
2v∆(OR)
T
1A +
v
2
(OR)
T
2A
]
. (II.49)
Direct detection: We have a spin independent scattering cross section with nucleon
through h1,2,3 portal processes and its form is given by
σN ≈ 0.082 m
4
N
πv2M2X
∣∣∣∣∣
3∑
A=1
µ2XhA(OR)T2A
m2hA
∣∣∣∣∣
2
, (II.50)
where the mass of nucleon, which is symbolized by mN , is around 0.939 GeV. Recent LUX
experiment in 2016 reported the lower bound on σN .2.2× 10−46 cm2 at 50 GeV mass range
of DM at the 90 % confidential level [162].
III. NUMERICAL RESULTS
Now that all the formulae have been provided, we have a numerical analysis. Here we
provide a benchmark point to satisfy all the constraints and discuss our predictions. Once
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input parameters are given by
(mh1 , mhSM, mh3, ma, mC) ≈ (488, 125, 418, 577, 442) [GeV], MΣ ≈ diag.(890, 795, 826) [GeV]
MNL ≈ diag.(0.886, 0.417, 0.237) [GeV], MNR ≈ diag.(0.409, 0.402, 0.247) [GeV],
MNΣ ≈ diag.(14.7, 9.06, 7.36) [GeV], ML ≈ diag.(570, 509, 561) [GeV],
(M2)inertCP−even(odd) ≈

 2.18(3.36)× 105 4299
4299 3.02(3.48)× 105

 [GeV2],
(α1, α2, α3) ≈ diag.(3.61, 4.06, 2.38), (mη0(= mη±), mχ0 , m∆±±) ≈ (970, 426, 959) [GeV],
δML ≈ diag.(0.00786, 0.00368, 0.00215) [GeV], (δmχ0η0 , δmχ0) ≈ diag.(0.905, 0.178) [GeV],
µη ≈ 420 GeV, v∆ ≈ 0.871 [GeV], µ2XhA ≈ (0.00237, 0.000175, 0.0642) [GeV],
µhA2hSM ≈ (0.741, 0.0608, 0.0311) [GeV], µXHαhSM ≈ (3.66, 0.0404) [GeV],
((θR)23, (θR)13, (θR)12, θI , θC) ≈ (0.0676, 3.27, 0.0990, 0, 0), λ2X2hSM ≈ 0.293, (III.1)
then the output physical values are found as
MX ≈ 466 GeV, Ωh2 ≈ 0.120, T 0νββ1/2 (Ge) ≈ 3.43× 1086 yr, T 0νββ1/2 (Xe) ≈ 1.89× 1086 yr,
T 0νββ1/2 (Nd) ≈ 5.21× 1084 yr, T 0νββ1/2 (Te) ≈ 6.04× 1085 yr, T 0νββ1/2 (Se) ≈ 9.73× 1085 yr,
BR(µ→ eγ) ≈ 2.52× 10−20, BR(τ → eγ) ≈ 1.59× 10−22, BR(τ → µγ) ≈ 6.60× 10−23,
RAl ≈ 2.12× 10−22, RTi ≈ 3.88× 10−22, RAu ≈ 3.34× 10−22, RPb ≈ 3.17× 10−22,
σN ≈ 1.37× 10−53 cm2, ∆S ≈ 0.0415 ∆T ≈ 0.00689, ∆aµ ≈ 2.00× 10−16, (III.2)
where Yukawa coupling f is determined by the Casas-Ibarra parametrization, and the typical
order is O(10−4).
Here several remarks are in order:
1. Relic density of DM can be controlled by the output quartic coupling λ2X2hSM without
affecting the other phenomenologies. Thus any value of the DM mass is possible,
depending on its coupling. Also trilinear terms µ2XhA, µhA2hSM , µXHαhSM can also be
valid to control the relic density, although their too much heavier terms are conflict
with the direct detection search.
2. Although there are non standard interactions of neutrinoless double beta decay at the
box type one-loop level in our model, the constraints are much weaker than the current
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bounds. Thus its dominant contribution arises from the standard interaction. The
main reason of this smallness comes from the tiny Yukawa coupling f = O(10−4). 3
Thus all the other phenomenologies related to this coupling such as ℓi → ℓjγ, µ − e
conversion, and muon g − 2, are also very small and easily be evaded the current
experimental bounds.
3. It might be worthwhile mentioning the future testability of µ−e conversion. Especially
the sensitivity of R with nucleons Al and T i will be significantly improved by RAl .
10−16 and RT i . 10−18. Although our results are still weaker than these future bounds,
this could be one of the possibilities to discriminate the other radiative neutrino models,
because their typical lowest bounds are at most O(10−15)−O(10−16).
4. Due to the constraints of oblique parameters, masses related to this constraints cannot
be taken to be so freely. However one might control their masses by changing their
mixings. In this case, one has to take care of the mixings between the SM Higgs and
the other two heavier CP-even bosons, which are restricted by the 8 TeV collider at
Large Hadron Collider (LHC), and also notice that mass insertion approximations are
not valid. Thus more complicated analyses has to be achieved.
IV. CONCLUSIONS
We have studied a one-loop induced radiative neutrino model, in which we have shown
an allowed bench mark point to satisfy the observed neutrino masses, LFVs, and the relic
density of DM satisfying the current upper bound on the spin independent scattering with
nucleon. Also we have shown the non-standard contribution to the muon g − 2 and neutri-
noless double beta decay in our model. However, due to the small Yukawa coupling whose
typical order is 10−4, all the constraints such as LFVs are much weaker than the current
upper bounds. Thus muon g − 2 and neutrinoless double beta decay are also very small in
the typical range. But we might discriminate the other radiative neutrino models from our
model by the future experiment of µ− e conversion.
3 If one selects a specific parametrization, one might find the enhanced value of ∆aµ without conflict with
LFVs. However since this is something like a fine-tuning, we do not consider such a specific case.
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Before closing, we would like to comment possible collider signal of the model. Since
we have scalar and exotic leptons in SU(2)L triplet with hypercharge ±1, there are doubly
charged Higgs and leptons which have mass of . 1 TeV and would provide specific signature.
They can be produced via electroweak process at the LHC. Then doubly charged Higgs
dominantly decays into same sign W boson pair or singly charged exotic leptons decaying
into DM and SM fermions, depending on Yukawa couplings and triplet VEV. On the other
hand, doubly charged leptons also decay into SM charged leptons and inert Higgs decaying
into DM and SM fermions. Thus these doubly charged particles have cascade decay mode
providing DM plus SM fermions. Since detailed analysis is beyond the scope of this paper
it will be given in elsewhere.
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Appendix A: New particle contribution to vacuum polarization diagram
Here we summarize contributions to Π±(q2), Π33(q2), Π3Q(q2) and ΠQQ(q2) in Eq. (II.17)
and (II.18) from new particles in our model.
For Vacuum polarization diagram of W±W±
ψ±κ -ψn loop contribution :
Πψ
±
κ ψn
± (q
2) = − 1
2(4π)2
[
(ωnκωnκ + ω
′
nκω
′
nκ)Fω(q
2, m2ψn , m
2
ψ±κ
) + (ωnκω
′
nκ + ω
′
nκωnκ)F¯ω(q
2, m2ψn , m
2
ψ±κ
)
]
.
(A.1)
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where
ωnκ =
3∑
a=1
[
1√
2
(VN)na(V
T
C )aκ + (VN)n,6+a(V
T
C )3+a,κ
]
ω′nκ =
3∑
a=1
[
1√
2
(VN)n,3+a(V
T
C )aκ + (VN)n,9+a(V
T
C )3+a,κ
]
Fω(q
2, m2P , m
2
Q) =
∫
dxdyδ(1− x− y)(Υ− ln∆PQ)[2x(1− x)q2 − xm2P − ym2Q]
F¯ω(q
2, m2P , m
2
Q) =
∫
dxdyδ(1− x− y)(Υ− ln∆PQ)mPmQ
∆PQ = −q2x(1 − x) + xm2P + ym2Q, Υ =
2
ǫ
− γ − ln(4π). (A.2)
ψ±κ -Σ
±±
a loop contribution :
Πψ
±
κ Σ
±±
a
± (q
2) = − 1
(4π)2
(VC)κ,3+a(V
T
C )3+a,κF
′
ω(q
2, m2
ψ±κ
, m2Σa),
F ′ω(q
2, m2P , m
2
Q) = Fω(q
2, m2P , m
2
Q) + F¯ω(q
2, m2P , m
2
Q). (A.3)
H±α -hA loop contribution :
ΠH
±
α hA± (q
2) =
2
(4π)2
[
1√
2
(OTC)1α(O
T
R)1A +
1
2
(OTC)2α(O
T
R)2A
]2
G(q2, m2hA, m
2
H±α
). (A.4)
where
G(q2, m2P , m
2
Q) =
∫
dxdyδ(1− x− y)∆PQ[Υ + 1− ln∆PQ]. (A.5)
H±α -aβ loop contribution :
Π
H±α aβ
± (q
2) =
2
(4π)2
[
1√
2
(OTC)1α(O
T
I )1β +
1
2
(OTC)2α(O
T
I )2β
]2
G(q2, m2aβ , m
2
H±α
). (A.6)
η±-Aα loop contribution :
Πη
±Aα
± (q
2) =
1
2(4π)2
(V TI )1α(V
T
I )1αG(q
2, m2η± , m
2
Aα). (A.7)
∆±±-H±α loop contribution :
Π∆
±±H±α± (q
2) =
2
(4π)2
(OTC)1α(O
T
C)1αG(q
2, m2
H±α
, m2∆). (A.8)
η±-Hα loop contribution :
Πη
±Hα
± (q
2) =
1
2(4π)2
(V TR )1α(V
T
R )1αG(q
2, m2η± , m
2
Hα). (A.9)
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hA loop contribution :
ΠhA± (q
2) = − 1
(4π)2
[
1
2
(OTR)1A(O
T
R)1A +
1
4
(OTR)2A(O
T
R)2A
]2
H(m2hA), (A.10)
where
H(m2P ) = m
2
P [Υ + 1− lnm2P ]. (A.11)
aα loop contribution :
Πaα± (q
2) = − 1
(4π)2
[
1
2
(OTI )1α(O
T
I )1α +
1
4
(OTI )2α(O
T
I )2α
]2
H(m2aα). (A.12)
Hα loop contribution :
ΠHα± (q
2) = − 1
4(4π)2
(V TR )1α(V
T
R )1αH(m
2
Hα). (A.13)
Aα loop contribution :
ΠAα± (q
2) = − 1
4(4π)2
(V TI )1α(V
T
I )1αH(m
2
Aα). (A.14)
H±α loop contribution :
ΠH
±
α± (q
2) = − 1
(4π)2
[
2(OTC)1α(O
T
C)1α +
1
2
(OTC)2α(O
T
C)2α
]2
H(m2
H±α
). (A.15)
η± loop contribution :
Πη
±
± (q
2) = − 1
2(4π)2
H(m2η±). (A.16)
∆±± loop contribution :
Π∆
±±
± (q
2) = − 1
(4π)2
H(m2∆). (A.17)
For Vacuum polarization diagram of ZZ
ψn-ψm loop contribution :
Πψnψm33 (q
2) = − 1
2(4π)2
XnmXmnFω(q
2, m2ψn, m
2
ψm),
Xnm =
3∑
a=1
[
1
2
(VN)na(V
T
N )am +
1
2
(VN)n,3+a(V
T
N )3+a,m + (VN)n,6+a(V
T
N )6+a,m + (VN)n,9+a(V
T
N )9+a,m
]
.
(A.18)
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ψ±κ -ψ
±
ζ loop contribution :
Π
ψ±κ ψ
±
ζ
33 (q
2) = − 1
4(4π)2
CκζCζκF
′
ω(q
2, m2
ψ±κ
, m2
ψ±
ζ
),
Π
ψ±κ ψ
±
ζ
3Q (q
2) = − 1
(4π)2
[
1
2
CκζCζκ +
1
4
(CκζDζκ +DκζCζκ)
]
F ′ω(q
2, m2
ψ±κ
, m2
ψ±ζ
),
Π
ψ±κ ψ
±
ζ
QQ (q
2) = − 1
(4π)2
[CζκCκζ + CκζDζκ +DκζCζκ +DκζDζκ]F
′
ω(q
2, m2
ψ±κ
, m2
ψ±
ζ
). (A.19)
where
Cκζ =
3∑
a=1
(VC)κa(V
T
C )aζ , Dκζ =
3∑
a=1
(VC)κ,3+a(V
T
C )3+a,ζ . (A.20)
Σ±±a -Σ
±±
a loop contribution :
ΠΣ
±±
a
33 (q
2) =
1
2
ΠΣ
±±
a
3Q (q
2) =
1
4
ΠΣ
±±
a
QQ (q
2) = − 1
(4π)2
F ′ω(q
2, m2Σa , m
2
Σa).
hA-aα loop contribution :
ΠhAaα33 (q
2) =
2
(4π)2
[
(OTR)1A(O
T
I )1α +
1
2
(OTR)2A(O
T
I )2α
]2
G(q2, m2hA, m
2
aα), (A.21)
H±α -H
±
β loop contribution :
Π
H±αH
±
β
33 (q
2) =
1
2(4π)2
BαβBβαG(q
2, m2
H±α
, m2
H±
β
),
Π
H±αH
±
β
3Q (q
2) =
1
2(4π)2
[
−1
2
(AαβBβα +BαβAβα) + 2BαβBβα
]
G(q2, m2
H±α
, m2
H±
β
),
Π
H±αH
±
β
QQ (q
2) =
1
2(4π)2
[AαβAβα − 2 (AαβBβα +BαβAβα) + 4BαβBβα]G(q2, m2H±α , m
2
H±β
),
(A.22)
where
Aαβ = (O
T
C)1α(O
T
C)1β, Bαβ = (O
T
C)2α(O
T
C)2β. (A.23)
∆±±-∆±± loop contribution :
Π∆
±±∆±±
33 (q
2) =
1
2
Π∆
±±∆±±
3Q (q
2) =
1
4
Π∆
±±∆±±
QQ (q
2) =
2
(4π)2
G(q2, m2∆, m
2
∆). (A.24)
η±-η± loop contribution :
Πη
±η±
33 (q
2) =
1
2
Πη
±η±
3Q (q
2) =
1
4
Πη
±η±
QQ (q
2) =
1
2(4π)2
G(q2, m2η± , m
2
η±). (A.25)
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Hα-Aβ loop contribution :
Π
HαAβ
33 (q
2) =
1
2(4π)2
[
(V TR )1α(V
T
I )1β
]2
G(q2, m2Hα, m
2
Aβ
). (A.26)
hA loop contribution :
ΠhA33 (q
2) = − 1
(4π)2
[
(OTR)1A(O
T
R)1A +
1
4
(OTR)2A(O
T
R)2A
]
H(m2hA). (A.27)
aα loop contribution :
Πaα33 (q
2) = − 1
(4π)2
[
(OTI )1α(O
T
I )1α +
1
4
(OTI )2α(O
T
I )2α
]
H(m2aα). (A.28)
H±α loop contribution :
ΠH
±
α
33 (q
2) = − 1
2(4π)2
BααH(m
2
H±α
),
ΠH
±
α
3Q (q
2) = − 1
(4π)2
BααH(m
2
H±α
),
ΠH
±
α
QQ(q
2) = − 2
(4π)2
[Aαα +Bαα]H(m
2
H±α
), (A.29)
∆±± loop contribution :
Π∆
±±
33 (q
2) =
1
2
Π∆
±±
3Q (q
2) =
1
4
Π∆
±±
QQ (q
2) = − 2
(4π)2
H(m2∆). (A.30)
η± loop contribution :
Πη
±
33 (q
2) =
1
2
Πη
±
3Q(q
2) =
1
4
Πη
±
QQ(q
2) = − 1
2(4π)2
H(m2η±). (A.31)
Hα loop contribution :
ΠHα33 (q
2) = − 1
4(4π)2
(V TR )1α(V
T
R )1αH(m
2
Hα). (A.32)
Aα loop contribution :
ΠAα33 (q
2) = − 1
4(4π)2
(V TI )1α(V
T
I )1αH(m
2
Aα). (A.33)
Appendix B: Loop functions
We define the functions Fi’s and F3,2 as follows.
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For n ≥ 1:
F2(α, n, A,B) ≡
∫ 1
0
dx
xα
(Ax+B)n
, (B.1)
F3(α, n, A,B, C) ≡
∫ 1
0
dx
∫ 1−x
0
dy
xyα
(Ax+By + C)n
, (B.2)
F4(α, n, A,B, C,D) ≡
∫ 1
0
dx
∫ 1−x
0
dy
∫ 1−x−y
0
dz
xyzα
(Ax+By + Cz +D)n
, (B.3)
F3,2(α, β, n, A,B, C) ≡
∫ 1
0
dx
∫ 1−x
0
dy
xαyβ
(Ax+By + C)n
. (B.4)
For n = 0;
F2(α, 0, A, B) ≡
∫ 1
0
dxxα ln(Ax+B). (B.5)
For n = −1;
F2(0,−1, A, B) ≡
∫ 1
0
dxx ln(Ax+B). (B.6)
Where n’s and α’s are integers.
F2 are calculated as follows.
For n ≥ 2
F2(α, n, A,B) =
1
Aα

F2(0, n− α,A,B)− α−1∑
β=0

 α
β

AβBα−βF2(β, n, A,B)

 , (B.7)
Where α ≥ 1. In the cases of n = −1, 0, 1, F2’s are as follows.
F2(α, 0, A, B) =
−1
A(n− 1)
(
1
(A+B)n−1
− 1
Bn−1
)
, (B.8)
F2(α, 1, A, B) =
1
A
(F2(0, n− 1, A, B)− BF2(0, n, A,B)) , (B.9)
F2(0, 1, A, B) =
1
A
ln
(
A+B
B
)
, (B.10)
F2(0, 0, A, B) =
A+B
A
ln (A+B)− B
A
ln (B)− 1, (B.11)
F2(0,−1, A, B) = 1
2A2
(
(A+B)2 ln (A+B)− B2 ln (B)− (A+B)
2
2
+
B2
2
)
. (B.12)
F3, F3,2 and F4 can be written by F2’s functions.
F3(0, n, A,B, C) = − 1
B(n− 1) (F2(1, n− 1, A−B,B + C)− F2(1, n− 1, A, C)) (n ≥ 2).
(B.13)
F3(0, 1, A, B, C) = − 1
B
(F2(0,−1, A− B,B + C)− F2(0,−1, A, C)) . (B.14)
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F3(1, n, A,B, C) =
1
B2
(
− 1
n− 2F2(1, n− 2, A− B,B + C) +
1
n− 1 (AF2(2, n− 1, A− B,B + C)
+CF2(1, n− 1, A− B,B + C)) + 1
(n− 2)(n− 1)F2(1, n− 2, A, C)
)
(n ≥ 3). (B.15)
F3(1, 2, A, B, C) =
1
B2
(F2(0,−1, A−B,B + C)− F2(0,−1, A, C) + AF2(2, 1, A−B,B + C)
+CF2(1, 1, A− B,B + C)− AF2(2, 1, A, C)− CF2(1, 1, A, C)) . (B.16)
F3(1, 1, A, B, C) =
1
6B
− A
B2
(F2(2, 0, A−B,B + C)− F2(2, 0, A, C))
− C
B2
(F2(1, 0, A−B,B + C)− F2(1, 2, A, C)) (B.17)
F3(2, n, A,B, C) =
1
B3
( −1
n− 3F2(1, n− 3, A−B,B + C) +
2
n− 2 (AF2(2, n− 2, A−B,B + C)
+CF2(1, n− 2, A− B,B − C))− 1
n− 1
(
A2F2(3, n− 1, A−B,B + C)
+2ACF2(2, n− 1, A− B,B + C) + C2F2(1, n− 1, A− B,B + C)
)
2
(n− 3)(n− 2)(n− 1)F2(1, n− 3, A, C)
)
(n ≥ 4). (B.18)
F3(2, 3, A, B, C) =
1
B3
(F2(1, 0, A−B,B + C)− F2(1, 0, A, C))
+
2
B3
(A (F2(2, 1, A− B,B + C)− F2(2, 1, A, C))
+C (F2(1, 1, A− B,B + C)− F2(1, 1, A, C)))
− 1
2B2
(
A2 (F2(3, 2, A−B,B + C)− F2(3, 2, A, C))
+2AC (F2(2, 2, A− B,B + C)− F2(2, 2, A, C))
+C2 (F2(1, 2, A− B,B + C)− F2(1, 2, A, C))
)
, (B.19)
F3(2, 2, A, B, C) =
1
6B2
− 1
B3
(2A (F2(2, 0, A− B,B + C)− F2(2, 0, A, C))
+2C (F2(1, 0, A−B,B + C)− F2(1, 0, A, C))
−A (F2(3, 1, A−B,B + C)− F2(3, 1, A, C))
−2AC (F2(2, 1, A−B,B + C)− F2(2, 1, A, C))
−C2 (F2(1, 1, A− B,B + C)− F2(1, 1, A, C))
)
, (B.20)
F3(2, 1, A, B, C) =
1
6A
− 1
A2
(B (F2(3, 0, A− B,B + C)− F2(3, 0, A, C))
+C (F2(2, 0, A− B,B + C)− F2(2, 0, A, C))) . (B.21)
24
F3(3, n, A,B, C) =
1
A
(
−1
A(n−2) (F2(3, n− 2, B −A,A+ C)− F2(3, n− 2, B, C))
+ 1
A(n−1) (B (F2(4, n− 1, B − A,A+ C)− F2(4, n− 1, B, C))
+C (F2(3, n− 1, B − A,A+ C)− F2(3, n− 1, B, C)))) (n ≥ 3),
(B.22)
F3(α, 2, A, B, C) =
1
A2
(F2(α, 0, B − A,A+ C)− F2(α, 0, B, C)
−B (F2(α + 1, 1, B − A,A+ C)− F2(α + 1, 1, B, C))
−C (F2(α, 1, B − A,A+ C)− F2(α, 1, B, C))) , (B.23)
F3(α, 1, A, B, C) =
1
A(α + 1)(α + 2)
+
1
A
(−B (F2(α + 1, 0, B − A,A+ C)− F2(α + 1, 0, B, C))
−C (F2(α, 0, B − A,A+ C)− F2(α, 0, B, C))) . (B.24)
F4(1, n, A,B, C,D)
=
1
C2
( −1
n− 2F3(1, n− 2, A− C,B − C,C +D) +
1
n− 1 (DF3(1, n− 1, A− C,B − C,C +D)
+AF3(2, n− 1, B − C,A− C,C +D) +BF3(2, n− 1, A− C,B − C,C +D))
+
1
(n− 2)(n− 1)F3(1, n− 2, A, B,D)
)
, (B.25)
25
F4(2, n, A,B, C,D) =
1
C3(3− n) (F3(1, n− 3, A− C,B − C,C +D)− F3(1, n− 3, A, B,D))
− 1
C2
(
2A
C(2− n) (F3(2, n− 2, B − C,A− C,C +D)− F3(2, n− 2, A, B,D))
+
2B
C(2− n) (F3(2, n− 2, A− C,B − C,C +D)− F3(2, n− 2, A, B,D))
+
2D
C(2− n) (F3(1, n− 2, A− C,B − C,C +D)− F3(1, n− 2, A, B,D))
− A
2
C(1− n) (F3(3, n− 1, B − C,A− C,C +D)− F3(3, n− 1, B, A,D))
− B
2
C(1− n) (F3(3, n− 1, A− C,B − C,C +D)− F3(3, n− 1, A, B,D))
− D
2
C(1− n) (F3(3, n− 1, A− C,B − C,C +D)− F3(3, n− 1, A, B,D))
− 2AD
C(1− n) (F3(2, n− 1, B − C,A− C,C +D)− F3(2, n− 1, B, A,D))
− 2BD
C(1− n) (F3(2, n− 1, A− C,B − C,C +D)− F3(2, n− 1, A, B,D))
− 2AB
C(1− n) (F3,2(2, 2, n− 1, A− C,B − C,C +D)− F3,2(2, 2, n− 1, A, B,D))
)
(n ≥ 2). (B.26)
F3,2(2, 2, n, A,B, C) =
1
B3(3− n) (F2(2, n− 3, A− B,B + C)− F2(2, n− 3, A, C))
− 2
B3(2− n) (A (F2(3, n− 2, A− B,B + C)− F2(3, n− 2, A, C))
+C (F2(2, n− 2, A− B,B + C)− F2(2, n− 2, A, C)))
+
1
B3(1− n)
(
A2 (F2(4, n− 1, A−B,B + C)− F2(4, n− 1, A, C))
+2AC (F2(3, n− 2, A− B,B + C)− F2(3, n− 2, A, C))
+C2 (F2(2, n− 1, A−B,B + C)− F2(2, n− 1, A, C))
)
. (B.27)
26
We can write our one loop functions using Fi’s and F3,2 as follows;
∫
dxdydzdwδ(x+ y + z + w − 1)xyzw
[xm2η0 + ym
2
χ0
+ zM2NΣa + wM
2
NLa
]4
[
3− 4M
2
NLa
xm2η0 + ym
2
χ0
+ zM2NΣa + wM
2
NLa
]
= 3
(
F4(1, 4, m
2
η0 −M2NLa , m2χ0 −M2NLa ,M2NΣa −M2NLa ,M2NLa)
−F4(2, 4, m2χ0 −M2NLa ,M2NΣa −M2NLa , m2η0 −M2NLa ,M2NLa)
−F4(2, 4, m2η0 −M2NLa ,M2NΣa −M2NLa , m2χ0 −M2NLa ,M2NLa)
−F4(2, 4, m2η0 −M2NLa, m2χ0 −M2NLa,M2NΣa −M2NLa ,M2NLa)
)
−4M2NLa
(
F5(1, 5, m
2
η0 −M2NLa , m2χ0 −M2NLa ,M2NΣa −M2NLa ,M2NLa)
−F4(2, 5, m2χ0 −M2NLa ,M2NΣa −M2NLa , m2η0 −M2NLa ,M2NLa)
−F4(2, 5, m2η0 −M2NLa ,M2NΣa −M2NLa , m2χ0 −M2NLa ,M2NLa)
−F4(2, 5, m2η0 −M2NLa , m2χ0 −M2NLa ,M2NΣa −M2NLa ,M2NLa)
)
.(B.28)
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